Abstract. The membership of the generalized local cohomology modules H i a (M, N ) of two R-modules M and N with respect to an ideal a in certain Serre subcategories of the category of modules is studied from below (i < t). Furthermore, the behaviour of the nth graded component H i a (M, N )n of the generalized local cohomology modules with respect to an ideal containing the irrelevant ideal as n → −∞ is investigated by using the above result, in certain graded situations.
Introduction
Generalized local cohomology was given in the local case by J. Herzog [7] and in the more general case by Bijan-Zadeh [1] . Let R be a commutative Noetherian ring with identity, a an ideal of R and let M, N be two R-modules. For an integer i ≥ 0, the ith generalized local cohomology module H Recall that a class S of R-modules is a Serre subcategory of the category of R-modules, when it is closed under taking submodules, quotients and extensions. In this paper, we study some properties of generalized local cohomology modules by using Serre classes. This paper is divided into three sections. In the second section of the paper, we show that if M is a finitely generated R-module, N is an arbitrary R-module and t is a non-negative integer such that H Throughout Section 3, R = n≥0 R n is a graded commutative Noetherian ring, where the base ring R 0 is a commutative Noetherian local ring with maximal ideal m 0 . Moreover, we use a 0 to denote a proper ideal of R 0 and we set R + = n>0 R n the irrelevant ideal of R, a = a 0 + R + , and m = m 0 + R + . Also, we use M = n∈Z M n and N = n∈Z N n to denote non-zero, finitely generated graded R-modules. It is well known that, the ith generalized local cohomology module H i a (M, N ) inherits natural grading for each i ∈ N 0 (where N 0 denotes the set of all non-negative integers). We use the notation H i a (M, N ) n to denote the nth graded component of H i a (M, N ) for each n ∈ Z (where Z denotes the set of integers). Then, according to [8] , for each i ≥ 0, the R 0 -module H i a (M, N ) n is finitely generated in certain cases and vanishes for all n ≫ 0. The cohomological dimension of M and N with respect to a is denoted by cd a (M, N ). Thus cd a (M, N ) is the largest non-negative integer i such that H i a (M, N ) is not equal to zero. The finiteness dimension of M and N with respect to a is denoted by f a (M, N ), where f a (M, N ) is the least non-negative integer i such that H i a (M, N ) is not finitely generated. Also, following [5] , the generalized homological finite length dimension of N and M is defined with respect to a as
where we denote by l R0 T the length over R 0 of T for an R 0 -module T .
In Section 3, using the above results, we study the asymptotic behaviour of R 0 module H This work is motivated by article of Jahangiri and Zakeri [8] . While editing this paper, we realized that Theorem 3.10 is proven with the assumption that the projective dimension of M is finite [9] . In this paper the result is proved, without imposing the assumption finiteness of projective dimension of M , with different arguments.
For any unexplained terminology, the reader can refer to [2] , [3] and [10] .
Serre classes
This section is started with the following theorem.
Theorem 2.1. Let a be an ideal of R and M a finitely generated R-module and N an arbitrary R-module. Let r be an integer such that
Proof. Consider the function F (−) = Hom(M, −) and G(−) = Γ a (−). Then one has F (G(−)) = Hom(M, Γ a (−)) = H 0 a (M, −). Let E be an injective Rmodule. Then it is known that H 0 a (E) is also an injective R-module. Hence Ext i R (M, Γ a (E)) = 0 for all i > 0. So, by [14, 11.38] , there is a Grothendieck's spectral sequence
Since the modules H (N ) are in S, and M is a finitely generated R-module hence E Proof. Using [14, 11.38] there exists a Grothendieck , s spectral sequence
for large r and each p and q. It follows that there is an integer ℓ ≥ 2 such that E p,q r is in S for all r ≥ ℓ. We now argue by descending induction on ℓ. Now, assume that 2 < ℓ < r and that the claim holds for ℓ. Since E p,q r is in a subquotient of E Notation. For any R-module T , we denote by pd(T ) the projective dimension over R of T . Corollary 2.3. Let a be an ideal of R, N an R-module in S and M a finitely generated R-module with pd(M ) < ∞. Let t be an integer such that
It is enough for us to show that
is in S. We prove the result by induction on pd(M ) = ℓ. Using Theorem 2.2, the assertion holds for ℓ = 0. Now assume that ℓ > 0 and consider the exact sequence
It follows that pd(M ′ ) ≤ ℓ − 1. This short exact sequence yields the exact sequence
If we break this sequence in three exact sequences
then we get the following exact sequences
By using the inductive hypothesis the R-module Hom(R/a, H
Therefore, according to the exact sequence (1), Hom(R/a, imϕ) is in S. On the other hand the last displayed exact sequence and Theorem 2.2, it follows that Hom(R/a, imψ) is in S. Now, we can use the exact sequence (2) to obtain the result. Theorem 2.4. Let a be an ideal of R, N an R-module in S and M a finitely generated R-module. Let t be an integer such that N ) ) is in S for all i ≤ t Proof. We prove the theorem by induction on t. It is straightforward to see that the result is true when t = 0. Suppose that 0 < t and that the result has been proved for t − 1. Now, we can use the exact sequence 0 N ) . Now, one can use the above exact sequences in conjunction with the inductive hypothesis and Theorem 2.1 to see that the R-module
Asymptotic behaviour
We keep the notations and hypotheses introduced in the introduction and we study the asymptotic stability of the associated primes of certain generalized local cohomology modules. The finiteness of graded generalized local cohomology module has an important role in studying the asymptotic behaviour of the nth graded component H N ) is not finitely generated}.
Also, for graded ideal a in R, the generalized homological finite length dimension of N and M with respect to a is defined as
In addition, the notation cd a (M, N ) is the largest non-negative integer i such that H i a (M, N ) is not equal to zero. In particular cd a (R, N ) = cd a (N ). At this stage the following remark is needed.
Remark 3.2. Let R = n≥0 R n . Then the following hold:
(i) If T = n∈Z T n is a finitely generated graded R-module, then T n = 0 for all n ≪ 0. (ii) If T = n∈Z T n is a Noetherian (resp. Artinian) graded R-module, then T n is Noetherian (resp. Artinian) R 0 -module for all n ∈ Z. Theorem 3.3. Let b 0 be an ideal of R 0 such that a 0 + b 0 is an m 0 -primary ideal, M and N finitely generated graded R-modules.
, so that it is an Artinian R-module. Thus we consider the case where i = f a (M, N ). To this end, consider the Grothendieck's spectral sequence
Set S = {T | T is an Artinian R-module}. It follows from previous paragraph that
is S for all i ∈ N 0 . By Using an argument similar to the proof of Theorem 2.2, we obtain that H j b0R (H f a (M, N )) is in S for j = 0, 1; and hence the result follows.
Corollary 3.4. Let (R 0 , m 0 ) be local and M , N be two finitely generated and graded R-modules.
Proof. It follows immediately by using Grothendieck's spectral sequence
and Theorem 3.3.
Lemma 3.5. Let M and N be two finitely generated graded R-modules. Let a 0 be an ideal of R 0 such that dim R 0 /a 0 ≤ 1. Then H 
is Artinian for all i. This proves the claim. 
Proof. We argue by induction on ℓ. If ℓ = 0, then M is a finitely generated free R-module, and the assertion is trivial, by Theorem 3.6. Let ℓ > 0 and the result has been proved for ℓ − 1. Now, we consider the exact sequence N ) . Then the result follows from the above exact sequence and inductive hypothesis.
In the remaining part of this section, we study the asymptotic behaviour on generalized local cohomology modules. We consider the following statements. N ) is tame or asymptotically gap free if there is some
In the next lemma we deal with cofiniteness property of generalized local cohomology modules. Recall that an R-module T is said to be a-cofinite if SuppT ⊆ V (a) and either Ext i R (R/a, T ) is finite for all i. Lemma 3.8. Suppose that (R 0 , m 0 ) is local, b 0 an ideal of R 0 such that a 0 + b 0 is an m 0 -primary ideal. Let M be a finitely generated and graded R-module with pd(M ) = ℓ. If N is a finitely generated and graded R-module such that 
which in turn yields the exact sequence The following lemma is needed in the proof of the next theorem.
Lemma 3.9. Let M, N be finitely generated graded R-modules. Then the following statements are proved:
(i) If j < t and H j a (M, N ) n is a finitely generated R 0 -module for all n ≪ 0, then Ass R0 H j a (M, N ) n is a finite set for all j ≤ t and n ≪ 0, (ii) Let Γ a0 (M ) = M and n 0 ∈ Z be such that, for all j < t, H
Proof. (i) Set S = {T = n∈Z T n | T n is a finitely generated R 0 -module for all n ≪ 0}. By the hypotheses Ass R0 H i a (M, N ) n is a finite set for all i < t and n ≪ 0. Therefore, it is enough to show that Hom(R/a, H N/xN ) ) is in S, by using the exact sequence in conjunction with the inductive hypothesis. By [6, 2.1], Ext
The following completes the proof:
We prove by induction on t. The result is clear when t = 0. So, let 0 < t and assume that the result has been proved for smaller values of t. The
. Now, we can use the graded exact sequence N ) n is finite for all n ≪ 0 and the result is clear. In addition, it follows that there exists n 0 ∈ Z such that for all n ≤ n 0 , (E p,i 2 ) n = 0 for i < g a (M, N ) and p ∈ N. Now, the convergence of the above spectral sequence implies that H 
